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ON Diſpoſition to promote what- 
| ; eve, is ingenious, juſtly demands 
the „ Acknowledgment of 
all Lovers of Art: And as J 
Have my ſelf, in a moſt particular 
Manner, experienced your Good- 


neſs, pray Leave to lay before you, this little 


Treatiſe, on Sir Iſaac Newton's Solid of the 


leaſt Reſiſtance ; which, tho it has been handled 
by ſeveral able Mathematicians, yet, has been 


Looked upon as a Matter of mere Speculation, 
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nu you were pleaſed (among your many ſuc- 
7 ſe ul RR ous improve ihe Royal Navy) 
in a more particular Manner to conſider and 
reduce this to Practice J am thoroughly ſen- 
ſible, to treat on the Works of the Illuftrious 
Author, is a Task I am no way equal to ; there- 
fore beg you will paſs by the Meanneſs of the 
Performance, aud accept of the Endeavours 
f 


Sir, ; 
Your moſt Dutiful and 
Moſt Obedient Servant, 


C. Nobinſon. 


A VIEW of Sir Isaac New- 

 ToN's Thirty Fourth Propoſition 
of the Second Bock of his Ma- 
thematical Principles of Na- 
TURAL PHILOSOPHY, 


H E Reſiſtance of a Body moving in 
KEYS] 2 Fluid Medium, ariſes partly from 
the Denſity of the Fluid in which it 
moves, partly. from the Number of 
the Particles which ſtrike the Body at 
* the ſame Time, and the Angles in 
which they ftrike jointly, 

'The Denſity of the 5 luid is not here conſidered: 
All the Bodies whoſe Reſiſtances are here compared, 
being ſuppoſed to move in the ſame Fluid; as all in 
Air, Water, Oil, Sc. and not One to move in Air, a 
Second in Water, a Third in Oi, Oc. 

The Number of the Particles of a Fluid which 
ſtrike on Bodies moving in jt, are as the Areas of 
the Greateſt Tranſverſe Sections of thoſe Bodies. 

The Angle in which the Particles of the Fluid 
ſtrike the Body, is the Angle which the Sides or 


Surface of the Body make with the Direction ot the 
A Motion 


(2) 

Motion, and is called the Angle of Incidence of the 
Particles of the Fluid. 

Thus, if the Parallelogram ADEB, Fig. t. and 
the Triangle AVB were both to move in the ſame 
Fluid, the Number of Particles that would ſtrike on 
thoſe Figures would be equal, becauſe the Figures 
are contained under equal Baſes; but the Angle of 
Incidence in which they ſtrike unequal, being Per- 
pendicular or a Right Angle on the Parallelogram, 
and Oblique or the Acute Angle VBE on the Tri- 
angle. | 

It a Curve Line FGHYV, Fig. 2. be moved in a 
Fluid Medium in the Direction of its Axis AV; 
then ſuppoling AB, BC infinitely Small or Fluxions 
of the Abſcitla: DF, EG Fluxions of the Ordi- 
nate: FG, GH Fluxions of the Curve, the Angle 
of Incidence of the Particles of the Fluid in the 
Point H will be KH T or CT , that is, an An- 

le made by the Interſection of a Tangent applied 
in the Point H, with the Axis A V produced in T, 
and is ſimilar to the infinitely Small Triangle EHG, 

The Sum of the Reſiſtances on every Point of the 
Curve is the Reſiſtance of the whole Curve Line, and 
if the Fluxicns of the Ordinates be every where e- 
qual, that is, if F D=-GE, Sc. the Number of the 
Particles of the Fluid which ſtrike upon every infi= 
nitely little Part of the Curve FG, GH, c. will 
be equal, and the Reſiſtances of every ſuch infinitely 
little Part or Fluxion of the Curve will be as GE 
ſquared, divided by G H ſquaied, or the Square of 
the Flaxion of the Ordinate divided by the Square 
of the Fluxion of the Curve, or ſuch a Proportion 
of the Homologous vides of any Similar Triangle. 

But, if a Solid generated by revolving the ſame 
Curve F GH V about an Axis be moved in a Fluid 
Medium in the Direction of its Axis: The Reſiſt- 
ance on every ſuch infinitely little Part of the Solid, 
generated by the infinitely little Triangles 2 = 15 


(3) 
GH E will not be in the ſame Proportion as on the 
Curve Line: For the Fluxions of the Ordinates be- 
ing equal, the Number of the Particles that ſtrike on 
every of the Elementa or Fluxions of the Curve, con- 
ſidered as a Line is equal, but conſidered as a Solid 
unequal (tho? the Angle of Incidence is every where 
the 1ame) becauſe the Surtace generated by DF at 
the Diſtance GB or D A is greater than the Surſace 
generated by revolving EG at the Diſtance EB or 4 
HC: the Whole of which is contained in dir 1/aac 
Newton's 


PRIN CIP. MAaTHEm. Lib. II. Prop. 34. 
Theor. 18. 


* If a Globe and Cylinder of equal Diameters be 
moved with equal Velocity, in a Rare or Thin Me- 
* dium, conſiſting of Particles equal and equally di- 
* ſtant from one another, in the Direction of the 
© Axis of the Cylinder: the Reſiſtance of the Globe 
* would be halt as much as the Reliftance of the 
* Cylinder. 
For, becauſe the Action of the Medium is the 
Same on the Body (by Cor. 5. of the Laws) whe= 
* ther the Body be moved in a Medium at Reſt, or 
the Particles of the Medium, ſtrike the Body at 
* Reſt with the ſame Velocity: Let us conſider the 
* Body at Reſt, and ſee with what Force it will be 
« prefled by a moving Medium, 
Let therefore ABKI, Lig. 3. repreſent a Sphe- 
* © rical Body deſcribed on the Center C, with the 
Radius CA, and let the Particles of the Medium 
„0 fall with the given Velocity upon that Spherical 
* Body, in Right Lines parallel to AC: Let FE 
* be a Right Line of this Kind, in it let LB be ta- 
ken equal to the Semidiameter CB, and let BD 


K be drawn touching the Sphere in EB, on K C and 
A 2 * BD 
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BD let fall the Perpendiculars BE, DL, and 
the Force with which a Particle of the Medium 
falling Obliqucly in the Right Line F B, ſtrikes 
the Sphere in B, will be to the Force with which 


the ſame Particle would ſtrike the Cylinder ONGQ 


circumſcribed to the Sphere, with the ſame Axis 
ACI in , as LD to LB, or BE to BC. Again, 
the Effect of this Force to move the Globe in the 
Direction of its Incidence FB or AC is to the 
Power to move the ſame in the Direction of its 
own Dc:<rmination, that is, in the Direction of the 
Right Line BC in which it ſtrikes the Globe Per- 
pendicularly, as BE to BC; and by Compound- 
ing theſe Ratio's, the Force of the Particle fallin 
Ovliquely on the Globe in the Right Line FB, to 
move the ſame in the Direction of its Incidence, 
is to the Power of the ſame Particle falling per- 
eee on the Cylinder in the ſame Right 
ine, as BE ſquared to BC ſquared; wherefore, 
it a Perpendicular HE be erected to the Circular 
Baſe of the Cylinder NAO, and E be equal to 


: BE ſquared 

the Radius AC, and 4 H equal to — 1 

H will be to E as the Effect of the Particle 
on the Globe to the Effect of the Particle on the 
Cylinder, and therefore, the Solid which is made 
up of an inſinite Number of Right Lines here re- 
preſented by 4 H, will be to the Solid which is 
made up of an infinite Number of Right Lines 
here repreſented by E, as the Effect of all the 
Particles on the Globe to the Effect of all the Par- 
ticles on the Cylinder. But the former Solid is a 
Paraboloid, deſcribed through the Vertex C on 
the Axis CA and Parameter CA, and the latter 
Solid is a Cylinder circumſcribed to the Parabo- 
loid : And it is known, that the Paraboloid is 
halt the circumſcribed Cylinder, Therefore, the 
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9 
whole Foree of the Medium on the Globe is half 
the Force of the ſame on the Cylinder. And 
therefore, it the Particles of the Medium de at 
Reſt, and the Globe and Cylinder he moved with 
an equal Velocity, the Refiſtance of the Globe 
would be half the Reſiſtance of the Cylinder. 
E. D. 


SCHOLIUM. 


„ By the ſame Method the Reſiſtance of other 
Figures may be compared, and ſuch may be found, 
which are beſt adapted to continue their Motions 
in Reſiſting Mediums. As if on the Circular Baſe 
CEBH, Fig. 4. which is deſcribed on the Center 
O, the Fruſtum of a Cone is to be conſt ruded, 
which meets with the leaſt Reſiſtance of all Fruſ- 
tums of the ſame Baſe and Altitude, and moving 
in the Direction of its Axis towards D: Biſect 
the Altitude OD in Q, and produce OQ to 8, 
that QS may be equal to QC, and S will be the 
Vertex of the Cone whoſe Fruſtum it ſought. 
* Hence, Seeing the Angle CSB is always Acute, 
it follows, that if a Solid ADBE, Fig. 5. be ge- 
nerated by the Convolution of an Elliptical or 
Oval-like Figure ADBE about its Axis AB, and 
the generating Figure be touched by three Right 
Lines FG, GH, HI, in the Points F, B and I, 
in ſuch a Manner that GH be perpendicular to 
the Axis in the Point of Contact B, and HI, FG 
with the ſaid Line GH contain the Angles FGB, 
BHI, 135 Degrees; the Solid which is generated 
by turning this Figure ADFGHIE. about its Axis, 
CB, will be leſs reliſted than the former Solid, if 
both move in the Direction of the Axis AB with 
the End B foremoſt : which Propoſition, I con- 
ceive, may be uſeful in Ship-Building. RE 
ut 


- A « = 3 
„ 0 
R „ 


(6) 


4“ But if the Figure DNFG be a Curve of ſuch a 
« Kind : If from any Point N, a Perpendicular NM 
« be let fall on the Axis AB, and from a given 
© Point G be drawn a Right Line GR Parallel to a 
© Right Line, touching the Figure in N, and cut- 
© ting the Axis produced in R; MN will be to GR, 
* as GR ded to 4BRxGB ſquared : The Solid 
© which is formed by revolving this Figure about 
its Axis AB, will meet with leſs Reſiſtance, in 
© moving in the aforeſaid rare Medium from A to- 
© ward B than any other Circular Solid deſcribed 
« with the ſame Length and Breadth ”. 


The Method here given by Sir Jaac Newton, ex- 
tends to the Inveſtigating the Reſiſtances of Solids 
in general, whether they be generated by revolving 
the generating Lines about an Axis, or by any other 
known Law, that is, whether the Baſes and all the 
Tranſverſe Sections be Circles, Polygons, Oc. 

It the Tranverſe Sections be all Right-angled Pa- 
rallelograms, and the reſpective Sides of all thoſe 
Parallelograms, parallel to one another, as in a Wedg 
or Figure of a \Wedg-like Form, whoſe Sides, in- 
ſtead of being ſtraight, are Curved : The Reſiſt- 
ances of ſuch Solids will be, the Reſiſtances of the 
generating Lines multiplied into the Depth. 

In Figures of this Kind, the Plains or flat Sides 
may be ſuppoſed to move Horizontally ; however, tho 
this may be of Uſe in aſſiſting the Imagination, it is 
not any ways neceſſary, that they ſhould be confined 
to ſuch a Motion, but may be at Liberty to move 
any how, ſo it be in the Direction of the Axis of 
the generating Lines, and plain Superficics, 


PROP. 


EX) 


| PROP: EL 
0 To Inveſtigate the Re ſiſtances of Solids 


contained under Straight Lines. 


1 E T the Parallelogram ABCD, Fig. 6. be the 
1 Side of a Parallelopipedon, ſuppoſed to move 
23 Horizontally in the Direction of FR, whoſe Altitude 
Az is denoted by , the half Breadth BK by 5, 
and the Depth by 4. 


Caſe 1. If the aboveſaid Parallelopipedon be Cy- 

hered away from Bottom to Top, .in the Right 

Fine EB, Fig. 7. the Reſiſtance of the Parallelo- 

ipedon will be to the Reſiſtance of this Solid, as 

Vb add to da, or putting 2hbd, or the Content of 

the Parallelopipedon tor its Reſiſtance z the Reſiſt- 
4 3 


p ance of this Solid will be Eb i a for, by the aſore- 


cited Propoſition EBg.AEgq :: AB to 
EBg 


BL, whence the R-fiſtance of this Solid will be 
to that of the former, as the Line BL is to the Line 
Ag, or as the Area of the Rectangle BLNO is to 
the Area of the Rectangle ABOE, which (becauſe 
the Slant Side EB is every where ot the ſame Breadth) 
is the ſame Thing, as if the Parallelopipedons were 
1 compared with one another. 


Caſe 2. If the Horizontal Plane be cyphered away 

to the Triangle AK D, Fig. 8. and not from Bot- 

tom to Top, as in the firſt Caſe, the Reſiſtance of 
2bb*'d 


hb 1th? 


this Solid will be for, as befor:, Ac. 


AHg 


US's. 
AB x AH 


AH :: AB. Ts. = BL, or (for the Reaſon 


iven in the former Caſe) the Reſiſtance of this So- 
lid will be to the Reſiſtance of its circumſcribed Pa- 


rallelopipedon, as BL to BA. 


Caſe 3. Let now the Parallelopipedon be cypher- 


ed away both Ways together, and the Reſiſtance of 
Bb hab 


is Piramidal Figure will be —— 
this Piramid gur Ta +» 77. or 
half the Sum of the Reſiſtances of the Solids in the 
former Caſes For, the Particles of the Fluid ſtrike 
this Body with the ſame Obliquity as the former, on 
all its Sides reſpectively, and the Number of Parti- 
cles that ſtrike this Solid, will be half ſo many, as 
ſtrike both the other Solids on their reſpective Sides 
at the ſame Time; or, as was obſerved before, the 
Baſes of theſe Solids being equal, the Number of the 
Particles of the Fluid that ſtrike at the ſame Time 
will alſo be equal. 

If the Depth and half Breadth of the foregoing 
Solids be the ſame, or V the Reſiſtances of all 


thoſe Solids will be equal. For 


iſt, The Reſiſtance of the Solid in the firſt Caſe 


r POR 
being Foggy it is plain, that by ſubſtituting & for 
d and & tor 6 (which, becauſe hg, does not alter 
2h, 
the Value of the Expreſſion) - 
hb + ad 


2hdb ? 
2 T5 the Reſiſtance, as in the ſecond Caſe. 


will become 


2. By 


(9) 


2. By Subſtituting as before h for d, and 4 for 5, 


. bid” OG 
— COme 
= —_ 


3 abu | 
=_= or - as beſore, or may in this Caſe be 
bh +bb hb+ad 
20 2b 


hb +bb hh+ad © 
Now, if the Altitude AB or þ=66,9, and BA 
—337, then BL= 13,3053 very near: The Solid 
Content of the Parallelopipedon will be 148666, and 
if that be put for its Reſiſtance. the Reſiſtance of 
the before- mentioned Solids will be 29567 nearly. 
; The Content of the Solids in the Firſt and Second 
23 Cafes is halt the circumſcribed Parallelopipedon, or 
74333, by which if the Reſiſtance be divided, there 
4 will come forth , 39776. 
3 The Content of the Piramid or Solid in the Third 
Caſe is one Third of the Parallelopipedon or 49555, 
by which if the Reſiſtance be divided, there will 
come forth ,59665: So that the Solids in the Firſt 
and Second Caſes have a greater Solid Content in 
Proportion to their Reliſtances than that in the 
Third Caſe, 
3 Suppoſe now the Breadth to be encreaſed and the 
Depth leſſened, fo that the Area of the Baſe, and 
3 conſequently their Solidities, remain the ſame as be- 
fore, and the Breadth be in Proportion to the Depth 
as 3 to 1. | 
Put the new Half Breadth Sa, then 3. 1:: 24, 


| 5 the new Baſe : Becauſe, the Depth of the former 


Parallelopi pedon was 20, and that of the Baſe here 


expreſſed by 


| ſpoken of is * there fore 5 = 26b and mul- 


B 7 tiplying 


m_ _—_ 
5. 3Þbb 


8 plying by 3, Jaa b, 2a4=3Ib, or ag - 
p - 


and by Evolution = /3®. 
| ! 2 


But if it were required to find the Depth, put the 
Depth =8s, and then 1. 3220. 36 the new Breadth, 


and conſequently, 3ee 2, whence ee= - bb, and 


by Evolution Fd 3 ꝙ6— fg . 


Let this Parallclopipedon be cyphered away from 
Bottom to Top, as in the Firſt Ca/e, and its Reſiſt- 
ance will be found 21111, which divided by the So- 

lid Content gives „284005. | 

If the Parallelopipedon be cyphered off as in the 
Second Caſe, the | eftance will then be 40339, and 
the Reſiſtance divided by the Solidity , 54268. 

If it be cyphered off both Ways, as in the Third 
Caſe, the Reſiſtance will be (as was thewn before) 
half the Sum of the Reſiſtances of the two toregoing 
Solids or 30725, and the Reſiſtance divided by the 
Content is ,62C02. 

It may be obſerved from what has been ſaid, that 
the Reſiſtance is very much leſſened when the Paral- 
lelopipedon is cyphered off as in the Firſt Cafe, 
and greatly encreaſed in the Second, from what it 
was, when the Half Breadth and Depth were equal: 
Let us now conſider what Proportion the Breadth 
ſhould bear to the Depth, to make the Reſiſtance, 
the lcatt poſſible, ; | 

Put as before the Baſe add, and let y de- 
note the new half Breadth: Then y. :: . bp the 

\ * 
ncw 


* - . 


LF 


* | 
new De pth, and the Reſiſtance of this Parallelopi- 
pedon, when it is cyphered away as in the Firſt 
Caſe trom Bottom to Top, may be expreſſed by 

5 2 | 
20S x a . _ b* | abbs 5 


2 now ab x — = —— and bb — = 


25 A 
ion of which is — 3 which if a Minimum, 
1 8 2 
5 55⁵7 ; | . py 
then — == o, and multiplying by 


55 TPH; — 45³⁰ 77 = ©, divided by 55 

—4h*b*y=o, and conſequently, —y=0, that is, if the 
Altitude and Area of the Baſe remain the ſame, the 
Reſiſtance will be continually leſſened by encreaſing 


the Breadth and leſſening the Depth, till the Depth 
vaniſhes. 


In the Second Caſe the Reſiſtanc: may be expreſſed 
2b) y* 


by the Fluxion of which is 

S + y* 
ab'b' 1 Þ abb'y'y — 4b, ab b'yy 
FF 


bb + yy.* hb + ww, 
B 2 be 


be a Minimum, then 4 Vg, and A 
ys, that is, the Reſiſtance will keep i in a continual 
Decreaſe as the Breadth decreaſes. 

In the Third Caſe, the Reſiſtance may be expreſ- 


* FTP * T Fe - or inſtead thereof we 


* 2 


2 
may uſe N= + p* +3: 


the Fluxion of which 


2555 25 — 
bay dy by bob yds 

So, and dividing both m_ by 2h+yy we ſhall have 
I 25 

2 — — or 7 *+ 

baby ty by OT | 

2b*y'b*-+ b*=b*b*+2b*b*y*+b*9*, and taking away 

2h*y*b+ from both Sides of the Equation we ſhall 

58.5 

have = , or b. „and by Evolution 

þ+_— þ4 


=, that is, the Reſiſtance of this Piramidal Fi- 
re will be the leaſt when the half Breadth and 
A are equal. 


COROLLARY. 


The Reſiſtance of a right Cene is to the Refiftance | 
of its Circumſcribed Piramid as the Solidity of the | 
Cone is to the Solidity of the Piramid, and as the 
Surface of the Cone to the Surface of the Piramid, 
For, 

iſt, 


iſt, The Angle of Incidence of the Particles of 
the Fluid is the ſame on both Solids, 


2d, The Curve Surface of a right Cone is equal 
to a Triangle whoſe Baſe is the Periphery of the 
Baſe of the Cone, and its Altitude equal to the Side 
of the Cone, 


3d, The Surface of a right Piramid is equal to a 

Triangle, whoſe Baſe is the Perimeter ot the Baſe of 
the Piramid, and its Altitude equal to the Perpen- 
dicular of the Iſoſceles Triangles that compoſe the 
ſame : Therefore, the Number of the Particles of 
the Fluid, that ſtrike both the Solids at the ſame 
Time and with the ſame Angle of Incidence, axe as 
their Surfaces, 


4th, The Solidity of a right Piramid is One 
Third of its circumſcribed Parallelopipedon, and the 
Solidity of a right Cone is One Third of itg cir- 
cumſcribed Cylinder, therefore their Soliditits are 
as their Baſes; and the Area of a Square is to the 
Area of its inſcribed Circle, as the Perimeter of the 
Square to the Periphery of the Circle: For, let r 
be the Radius of a Circle, 2r the Diameter, or Side 
of the circumſcribed Square, and r the Perimeter, 
then if c be put for the Circumference of the Circle, 

rc | 


it will be 8. c:: 4rr. — the known Area of 
| _ 2 
Circle. 


PRO P. 


* 


PROP. IL 


The Altitude of a Piramid being given, 
to determine the Baſe, when the Reſiſt- 
ance ſhall be the leaſt that can be in 
Proportion to the Solidity. 


Bor the Altitude VD, Fig. 9. and ED, or 
half the Side of the Baſe, . 


The Reſiſtance of the Piramid is 


aby* 
as was ſhewn before, or 
Yb 
4hyy 


is, , by which, if the Reſiſtance be divided 
3 


2097 39* 
we ſhall have ab = 75. 


„ 656 „ 
which is Fan — which if a Minimum, 


then 6577 o, and dividing by 65, =, that is, 
the Baſe will continually ck fill k wan s ' 

If the Content be divided by the Reſiſtance, it 

„„ ea, 4g: g 
will be ——— = —— the Fluxion of which 


129 8 
6 65" 3 2h*yy 0 : 
| is —— = — —— if this be a Mi- 
f oy * 350 


byy 
yy + bb 


: the Solid Content 


* 49, 


the Fluxion of 


nimum 


- 5 
— W 


n 


nimum, then — 25% , and dividing by 2þ*y, 
we ſhall have —y=0, that is, ED will increaſe in Infi- 
nitum, to make the Quotient of the Solid Content, 
divided by the Reſiſtance the leaſt that can be. 

XZ And what has been ſaid of the Piramid, may be 
applied to the Cone, or any other Piramidal Solid 
X whoſe tranſverſe Sections arc regular Polygons. 


PROP. III. 


To Inveſtigate the Reſiſtance of 4 Para- 
boloid. 


ET ENB, Fig. 10. be the Parabola given, draw 
FK parallel to the Axis QB, and let fall the 
Perpendicular NM from any Point of the Curve on 
the Axis QB, and draw NI Perpendicular to the 
Curve in the Point N, then by the aforecited Pro- 
poſition of Sir 1/aac Newton, Nlg . IM:: QB. HF, 
and if this be done in every Point of the Parabola, 
the Point H will by its Motion deſcribe the Curve 
QHD, and the Reſiſtance of the Paraboloid gene- 
rated by revolving the Parabola QENB about its 
Axis QB will be to the Reſiſtance of the Cylinder 
enerated by the Parallelogram QELB in the ſame 
otation, as the Content of the Solid generated by 
revolving the Figure BQHDLB, about the ſame 
Axis QB, is to the Content of the Circumſcribed 
Cylinder. It remains then to Inveſtigate the Con- 

tent of the aforeſaid Solid: in order to which, 
Put the Altitude QB—h, the Ordinate NM, 
the Subnormal IM which in this Curve is a conſtant 
Quantity , equal to half the Parameter: For, 
apply the Ordinate um, infinitely near to NM; the 
Early little Triangle Nu is ſimilar to the 1 
l angle 


(16) 
angle MNI, therefore N. MN : : n. IM, or the 


_ Nr 
Subnormal IM— = = ©, but in the Parabo- 
r 43h 


la, putting p for the Parameter, px=yy and Px=2)7 


8 
therefore - p. 
20 
By Subſtituting h for QB, y for NM and à for IM: 
inſtead of NIg, IM:: QB. HF, we ſhall have 
aah 5 | 
aatyy . aa: h. the Value of HF, according 


aa 
to the Property of the Parabola. 
Now, it c ſtands for the Circumſerence of a Cir- 
re 
cle in general, and r for its Radius, then arr. — :: 
5 
cy @& 
y. — or — Xx y will be the Area of any particu- 
ws - a 
lar Circle whoſe Radius is y, 
c 
The Baſe therefore of this Solid is — X yy its 
zr 
C 0 
Fluxion is — x 2yy the Fluxion of the Baſe, which 
ar 
o F * 
aah * 27 
gives — x aab X =—— the 
aalyy ar aa 
Fluxion of the Solid. * 


multiplied into 


In 


nen 
In Order to find the Fluent of which, put 29+ 
1 yy, then 2922 and by Subſtituting z for zyythe 


* 


=. 8 25 5 
PFlaxion of the Solid will be x aab x — : and be- 


cauſe the Fluxion of any Logarithm is equal to the 
X Fluxion of the abſolute Number divided by the ab- 


ſolute Number: therefore the Fluent of 4 Ke 
2 


will be 17 x aab x Log. z, and reſtoring aa+yy for 


Z, it will be 75 x aah x Log. aa+yy but becauſe | 


Log. aa + yy muſt vaniſh when — therefore the 
true flowing Quantity or Content of the Solid enqui- 


red aſter will be— xaabx Log. — the Reſiſtance 
aa 
of the Paraboloid required. 

Put as before 566, 9 and y=33z, then will aa be 
68,9608 : The Content of the circumſcribed Cylin- 
der will be 233525, and that of the Paraboloid 
116762, tor the Paraboloid is known to be half the 
| circumſcribed Cylinder. 

If the Reſiſtance of the Cylinder be put equal to 
its Solid Content, the Reſiſtance of the Paraboloid, 
will by the 3 Theorem be found equal to 
41169, which divided by the Solidity 116762 gives 
533259. | 


(rs) 


PRO P. IV. 


To Inveſtigate the Reſiſtance of a Solid 
generated 2 revolving a Parabola a- 
Ord 


bout an natc. 


V the Vertex, AV the Axis, VE an Abſciſſa, 
and ED an Ordinate of the Parabola applied in the 
Point E, DK a Perpendicular to the Curve applied 
in the Point D, and let AB be the Axis of Rotation, 
in the Direction of which the Solid is to move from 
A towards B. 

Put VA =r, VE =x, and the Subnormal EK 
(which in the foregoing Propoſition was ſhewn to be 
always equal to the Semiparameter ) = 4. 

Then DKq.EDq :: AB. FG for the Triangle 
MDC is fimilar to the Triangle DKE. | 

But, by the Property of the Parabola DE Dax, 
and KDg=DEg+EKq=2ax+aa, therefore aa + 


24x , 24x ©: b. *. = FG, and if this be done 
| aN | 
in every Point of the Curve, the Point H will de- 
ſeribe the Curve HFL; and the Reſiſtance of the 
given Solid will be to the Reſiſtance of its circum- 
ſcribed Cylinder, as the Content of the Solid gene- 
rated by revolving the Curve HFL about the Axis 
HB to the Content of the cireumſcribed Cylinder: 
In Order to find the Content of the Solid generated 
by e e, about its Axis HB: Let c be 
a Standing Expreſſion ſhewing the Proportion of the 
Area of a Circle to that of its circumſcribed Square. 
Now AE = x, therefore the Baſe of the Solid 


will be 40 rr arx Tx, the Fluxion of which is 
4e 


I, ET VBD, Fig. 11. be the generating Curve, 


( 19 ) 


AC X 2xx—27x the Fluxion of the Baſe, which mul- 


mw 
gives 
a+2x 


tiplied into the Altitude F G= 


e , , e . 
a+2x a+2x a+2x 
Fluxion of the Solid. 


4D & 


To find the Fluent of —— put a then 
e 


3 —4 9 
4xxX=22—224+aa and x= = whence 


2 


1 hy bags ä 

= -—— — haz, + — the flowing Quanti 

a4+2x 2 22 e F 
bz;* 

of which is = —bax + —= xLog , al re- 


7 
* 1 
ſtoring a+2x for 2, it will be — x 4—2x| ba x 
34 
1 
a+ 2K SD —— x Log. x 


And to find the Fluent of — — 5 


put as before 


a fe 
8 —4 23—22a+aa 
Ja Taxa, then x— 


and xx = = n 
4 
2 whence 


(20 


* 22 — 24 
whence 2xx= 


* 
* 
- _—_—. 


and 4xx=23—24, by which 


Subſtitution, the Term wn _ wil become — + 


ae the Fluent of which is —brz T abr x Log. z, 


2 
and reſtoring 4 + 2x for à we ſhall have —brx 


aÞ2*4-abr x Log. 


a+2x 


; | 
The Aggregate of all which is 5 x a+2x1*— ha 


— 


x TFEx — br xa Fan EZ + abr x Log 
las | 
or 77 + abx + hxx aab — 2ahx — ahr—2brx 


_l_— 


£ | —_ aab 
＋ abr x Log. ü 


2 4 


baa 


* 


— 


ba 
xx — 2hrx — abr + = + ahr « Log. 


aah 


If x =o, we ſhall have _ abr, but if 
| "I 


CC 


"Tr 3 
* aab 
ger, we ſhall then have 3 2abr — bre 
| 4 | 


Far 


Bos - EE OSHP 5. de 58 
+ + abr x Log. * which ſubſtracted from 


3aah © 
4 * 


bs Fe 
— — abr x Log., whence the Conteat 


— 


aw Ha 
Solid is 47 x abr FI — —— —abr x Leg 


If, as before 566,9, r=33;, then 4=67,1341, 
and if the Content of the circumſcribed ylinder 
be put for its Reſiſtance, the Reſiſtance of the Solid 
here ſpoken of will be 55342. 


PROP. V. 


To Inveſtigate the Content of a Solid ge- 
nerated by revolving the Parabola VDB 
about an Ordinate AB. 


P 


UT as before, Fig. 12. AB=b, VA=r, VE, 
and let p ſtand tor the Parameter, then rp—bb 


| Ep 


res the truc Fluent abr + bry | 


of the Solid enquired after, or Reſiſtance of the given 


and p = = by the Property of the Parabola, and 


--F 
A 
H 


SA 
x % 
x ** 
119 
x * : 
, * 
bd * 
, % 
33 4 
, > 
* of 
7 - 
, - 
4 * 
N % 5 | 
N 3 
* % 
* * 
* * 
% % 
2 \ 
--_ 
+ * 


# 
F 


2 


bs « p< © DDDVB CREE LES 


* 


| 


ou — — — — — —— 


— —-—— — * — — — ñ 2 


L 


ADS A ˙ K „„ 
” 


9 


fp ——ů — e 


1 
PEAR 
B 


— 


— 


d—üU—6ä—᷑4—ä— — 2 


/ 


/ 


Kr 


, 


2 


K. 


0 _ 


: bat | : - 
ED = tte Ordinate or Altitude: Put as before 


72 


| 24x are for the Fluxion of the Baſe which muti- 
3 MI 
plicd into the Altitude gives ZE — 
* 4 2 

— ba the Fluent of which 1 — — 3brs 


i 
71 


pz pL 
If *g, the whole will vaniſh, but if , we ſhall 


* 


5 So —— * 
_ thr = + br. A br L kr 


— 
— — 


have 


* * 5 3 15 
which deducted from o, gives 55 bre; but br* will 


in this Caſe ſtand for the circumſcribed Cylinder, 
therefore the Content of the Solid enquired after 


will be 15 of the Circumſcribed Cylinder: and in 
Proportion to the Paraboloid as 16 to 1 5. 

Tf this Solid be of the aforeſaid Dimenſions, its 
Solidity will be 124.546, and its Refiſtance divided 
by the Solidity „44443. ä | 


PROP. 


( 23) 


"-PROE; VL 
To Inveſtigate the Reſiſtance of a Sphe- 


roid. 


UT the Altitude QB=h, Eg. 13. the Abſciſſa 
MB x, and the Ordinate NM. 


Let p ſtand for the Semiparameter, then by the 


Property of the Ellipſis yy = „ * D, and 


by Evolution = * x 2Þx xi the Fluxion of 
; 2 


„ 
which a Xx ===> », then zr. N:: NM. 


D 


MT, Or y 4 29 = the Subtangent, and by Sub- 


ſtituting the Values of 55 x and , we ſhall have 


7 
hx—xx - p4 — 2bxx—x*x 
* 0 2 8 ey vs * 4 3s = 
X—=xx |z h by — xx 
2hx—xx 


— the Subtangent ; but 2bx—xx — - x Js 


by Y 
and if we put „ e, then 2h — * Sei, or 


— 


XxX — 


( 24 ) 
xx—2bx = yy; by adding bb to both Sides of | 
the Equation, * — 2h. Ebb = bb—eyy, and by Evo- 


2hx—xx 


b—x 


— 
— — 


volution þ—x= hb eyy '* whence 


Je + = op 
=: the Square of which 1s Been 


5 = | ye 1 + y*b* — off 
e +hbyy—o* 
bb eyy 


and NT. NM :: QB . HF, or 


„„ RT. F— 
297 OO $6* +bby—9*  y'e'bbb-o* 


Now, if we call = yy the Baſe of the Solid, the 


Fluxion of the Baſe may be called 2”, which multi- 


h* —eby* ; 2h*13—26hy"y » 
5 e They gives 1 hb—ey* the 
Fluxion of the Solid generated by revolving the 


Curve QHL about the Axis QB, the Solidity of 
which expreſſes the Reſiſtance of the Spheroid, 


plicd into 


Put e. — eg n, then the Fluxion of the Solid will 


2h'yy—26by'y — b* x2yy _ ebx2y'9_. 
become "my ee Vim"? 


Te 


(25) 


» « 
6 - 7 
3 nm 
To find the Fluent of b age = 55 5 put 
3 
hb 8 
bb +J*=3, then yy=2— — and 25) whence 
n 
8 
_ _ 
_— D* * _ the Fluent of which is Y x Log. z, 
PAS 


a 5 
and reſtoring . + Y for 2, it will be 2 Log. 


bh 
mn 
Expreſſion ſhould vaniſh, the true Fluent will be 


+ „, but becauſe when 7 vaniſhes, the whole 


. We 
And to the f = — 


2 * * 
„ put as before = + 9y=2, then yy=3— 
A | 


bb d 4*=z? 3 : — 25 
328 3 529995 ' 


2 
i" 


D R 


( 26 ) 


* . 
* 


eb 
o - 5 
M 


—X2y'y 
„or 25 =22 —z x —, whence — OW 
_ 
1 <> 505 . 
„ OR xx 
m mM 
+ 


the Fluent of the for- 
2 


a. 
— 


eh? 


2 
eb 


bh 
* Log. 2, and by reſtoring = 


2 
* 7 18 


— 

m 19 

+39 for a, the Flucnt will be - x Log. dr 
7 


The Aggregate of all the Terms of the flowing 


bh 
=: y=y + 9 eh 
Quantity is „, x Log. — + 7 * Log. 
2 1 
5 
7 +I eby* oh 
— "| - 


— „ but becauſe the whole 
| an 2 
- 


Expreſſion 


(27) 
Expreſſion muſt vaniſh when y=o, the true Fluent 


6:8 5 eh my eby? 
or Reſiſtance is Xx — 4. = Log 


- | 
55 
for m TI hh + myy 
55 hb * 
mM 


If we put as before, 5669, y=33}, then p= 
16,6085 nearly, and the Reſiſtance will come out 
65603 : the Solidity of the Spheroid is 155683, by 
which the Reſiſtance being divided gives 42138. 


If the Spheroid degeneratesinto a Sphere, then e=x 


and m, now the Fluxion of bb 4myy, is any * 


—— 5 INES I mm? 44 n * 
ä 2 * þ* 5. 
; . amy 2m'y'y 

which multiplicd into 2 Ives — — 
| P 29 $1 55 ry 


zm * amy" y 
n e the Fluent of which is . — 


m?y* m y* m 
rn Is — Sc. the Log. of bb+myy, 


. a. MM  .. 
which multiplied into % , en —= 


To + 


(28) 


my mis &c. 4 ehy* ef , mey* 


ER CEE 
| m'y but when == o it will be ) + 3 
4b* ? mM 


; | 
25 becauſe the other Terms will all vaniſh, and ſub- 


a „ 
trading it will be by: — 25g, and when y=b 


* * r r — 2 133 . «© 


| x 3 | 
and e=1, we ſhall have — * 8 the Reſiſtance or 


half the circumſcribed Cylinder. 


PROP. VII. 
To Inveſiigate the Reſiſtance of an Hy- 


perbolical Conoid. 


ET QENÞB, Fig. 14, be the generating Hy- 
L perbola, QZ2=+b the Axis of 4 given Solid : 
and put the Tranſverſe Diameter of the Hyperbola 
2d, the Semiparameter =p, and let y denote an 
Ordinate and x the Abſciſſa proper to it. 


” ST me. » —— ——ę— —— EPO vw —— 2 rr 


By the Property of the Hyperbola n= x aax Ex 


L 


by Evolution = * 24x +. * the F luxion of 


which 


( 29 ) 


i pr, Star, 


| NM. MT, or ſubſtituting their Values, = 


ly. 
* 


dx Ls — ol 3 el * 
pn „ „„ N . 
24x + xx\* „ 2 


2dx + xx a 
—_ 4" the Subtangent. And if we put 78 
then Ye = dx Txx and 2 EA by adding 


dd to both Sides of the Equation dd+24x4-xx—dd 
Te, and by Evolution dr dd qc yyel“ therefore 


2d, + yye f 
12 my da Fyye L 9 the Square of which 1s 
9v* e* 4222 * dy ey 


. WF 4 = 
dd ye ao ad + yye +9 dd+ye *® 


Square of the Tangent : Now NT Z. NMg : : QB 


; 472 4 2 
FH, or ſubſtituting their Values, EH . 


' bd'y*-hey* hd bey: 
e d. => 9" ved Key 
ba'+hey* 


ting e Tem it will be : 
4 ＋ ey 


„and put- 


W 5. — 


* uam 


= >>. 
—— 7 7 J 
72 = - z = . 
— P 
— 
% 


WWE RY 


* 


* 


F . o 


(30) 


If we put _ x77 for the Baſe of the Solid; be- 


cauſc 25 is a ſtanding Expreſſion, ſhewing the Ratio 


of a Circle to a Square whoſe Side is the Radius x | 
the Circle : the Fluxion of the Baſe may be called 


„ bicl ed! d Tbey“ 24 n 
2 which multiplied into 2 will give . IL 


abey 5 


+ FR » the Fluxion of the Solid whoſe Soli- 


dity expreſſes the Reſiſtance of the given Solid. 
In Order to find which, put d*+my*—z, then y* 


5 7 = t. * 
m „ m* N 


4 and 2y'y= e, by ſubſtituting 


2 
mu mn 


| which in the Fluxion of the Solid, we ſhall inſtead 


hd*x29y ha*x — 
of the firft Term 222 have 


u Bo 


the Fluent of which i 12 — 


WY I. OE 


0 171 


* 


631) 


ring d LN for 2 we ſhall have 22 - x Lg iFmy — 
becauſe the Log. of z muſt 555 when A 


And inſtead of the ſecond Term $9277 there 
bez hed*s 
will ariſe 5 the Fluent of which is 
MY mM 2 


15 — = x Log. x, and reſtoring 4*+myy for z, 


_ hed* 
4 hey * — | 


we ſhall have 88 "ol r X 0 
. The Aggregate of all which is 
44 bead” a*Þmyy heyy bed 
- Tx Log tn tz: 


But, e when y vaniſhes the whole Expreſſion 
muſt vaniſh with it, the true Fluent will be 


ha* bea 2 . 


——— — —e——b 


2 
Mm mn 


+ hey" which Expreſſion 


multiplied into _ gives the Reſiſtance required, 


If 


(32) a 


If bd, or the Altitude be equal to half the tranſ- 
verſe Diameter as in the Spheroid it will then be 


1 2% L Le 
W 


Now, if we put = , 9, and y=33;, then 
255361: And the Reſiſtance will come out 38058: 
The Solidity of this Hyperbolical Conoid is 103789, 
by which the Reſiſtance being divided will give 
,36668, 


WW PRO P. VIII. 


To Inveſtigate the Fruſium of a Cone, 
which ſhall meet with l:ſs Reſiſtance, 
than any other Fruſtum of the ſame 
Baſe and Altitude. 


UT OC=r, Fig. 15. OD =h, and OS : 
Then CSg=xx+rr, and OS (x) . OC (r):: 
tx—rb 


DS (-) .DF= . Again, if CSg 


rrh 
x - H r 


(rr). Oc (rr): OD (b) . AE. 


Then the Reſiſtance of this Fruſtum generated by 
revolving OCFD about the Axis OD may be ex- 


preſſed by the Solidity generated in turning the 
Fg, OLHAED about the ſaid Axis OD, 


'The 


( 23) 


The Content of the Cylinder generated by the 
Parallelogram AEDG in this Rotation about OD 


＋, and that of IHGO 


* + rr 

rx. 2 if 4D rx* , 
EFT K 

the whole Reſiſtance of the Fruſtum will therefore 

r*h + brix+—2r MA BH CH r 
Xx i rr x*4-p* 57 18 

r* +hbrix*—2r x BTH“ 5 

np x rr 7; _— 

rA br x*—2r Xr i 

2 . which by the Nature of 

the Queſtion is to be a Minimum, 


The Fluxion of the Numerator „bbs arab 


may be repreſented by 


in the ſame Rotation by 


+ ber- is 2b ah 'r, which multiplied into 
the Denominator x Fr gives 2brex abr 
2br\xx—2b*r* x, 

And the Fluxion of the Denominator K Tr is 
2xx, which multiplied into the Numerator 1 .. 
brix* — 2rb'x | Her-, will produce abr + 
2br*x* x—4ab rx wb247 xx ; the Fluxion therefore 
of the Reſiſtance COLSON — IT , 

x ＋ 

E 


( 34 ) 


2h *'rx*x- 2h'rix —2b r*xx 


* 


whence 20 ¹ XK x- hr —2h*r* xx=-0, and divi- 


ding by 2b*r*x, we ſhall have «“ r x , or 
**—hx=r*, and adding :hh, or the Square of half 
the known Coefficient Y, to both Sides ot the Equa- 
tion, it will be & - 2 =r* + bb, and by 


Evolution x ib = TL, now OS = -, and 


CQ = r*+:hþ hence follows that caſy Conſtruct- 
ion, given by Sir 1/aac Næuton; | 


Biſe& the Altitude OD in Q, and produce O 
to S, ſo that QS may be equal to QC, and $ will 
be the Vertex of the Cone whoſe Fruſtum is ſought, 


Now, if Þ=66,9, and r=333, as in the Solids 
whoſe Reſiſtances we have compared before, then 
OS 80, 673 FD=5,6909 AE=11,4216, and the Re- 
ſiſtance of the Fruſtum will be 41045, and its Solid 
Content 9343 5, by which the Reſiſtance being divi- 
ded will give 43929. 


The Reſiſtance of the inſcribed Cone generated 
by revolving the Triangle OCD about the Axis OD 
is repieſented by the Solidity of the Cylinder ge- 
nerated by the Parallelogram KED in the Same 
Rotation, in which the Altitude KE is equal to 


DO 
C7 
Cone will be 46444 : its Solidity is one Third of 


the circumſcribed Cylinder, or 77841, by which the 
Reſiſtance being divided will give ,52729. 
And 


— 13,3053, whence the Reſiſtance of the 


2 


| ( 35 ) 


And the Reſiſtance of this Cone, to the Reſiſtance 
of that Fruſtum of a Cone of the ſame Baſe and Al- 
titude, is as 45444 to 41045, and its Solidity to the 
Solidity of the Fruſtum no more than as 77841 to 


934385 


And from this Conſtruction of the Fruſtum of the 
Cone of the leaſt Reſiſtance (as Sir 1/aac Newton ob- 
ſerves) it follows: That 


If a Solid be generated by revolving any Curve 
of an Elliptical or Oval-like Figure DNEB, Fg. 16. 
about its Axis CB: and another Solid be generated 
by revolving DNFGB about the ſame Axis, in which 
GB 1s Perpendicular to the Axis, and FG be a Tan- 
gent to the Curve in the Point H, making the An- 
gle FGB 135 Degrees, the Reſiſtance ot the latter 
Solid will be leſs than that of the former : And 
this will appear from the Conſideration of the fore- 
going Conſtruction of the Fruſtum of the Cone which 
meets with the leaſt Reſiſtance : For, it QB were in- 
finitely ſmall, it is plain that FQ=QP, or the An- 
gle FPQ=4;, or Angle FGB—135 Degrees. 


Let the Curve DNFB be an Ellipſis: Then (as 
was obſerved before) the Reſiſtance of the Spheroid 
may be expreſſed by the Content of the Solid gene- 
rated by the Rotation of the Curve LMC abaut the 
ſame Axis; and that of DNFGB by the Content 
of the Solid generated by LMEO in the ſame Ro- 
tation: where univerſally ME F -GB, and GE 
=EO= + BC, becauſe, FPq -2FQgq, and by the fore- 
going Method of comparing the Reſiſtances of the 
34% will be 2FQq. Fg: : CB. CBM. 


E 2 Let 


(36) 
Let as before, h denote the Altitude CB, p the 


Semiparameter, y an Ordinate, and put - . 


22 


as was ſhewn be- 


The Subtangent will be === 


St 


bb—eyy\: 
fore, in the Inveſtigation of _ Reſiſtance of the 


Spheroid ; and in this Caſc ,„ẽ = y, and di- 
hb—eyy 


Sa. 


— . 
viding by yy we ſhall have 7 = whence 


y*e* = hbh—eyy, or „* e T e=bb, and dividing by 


2 


1 
above, and by Evolution T5 SY = FSO. 


And to find the Value of QB = x; 7 15 = 


— — or — = 2þx+xx, or which is the ſame, 
e e+1I 


e Ti ; | 
Kim 2 = * by compleating the Square, 
7 


—2h S bb — — —: 
xx — 2% AR bb TT by Evolution 


| the Abſciſſa. 


Now, if we put 4=66,9, and p=16,6085 as be- 
fore, then QF = 14,8654, GB = 8, 8775, and QB 
5,9879 : by the Help of which the Reſiſtance of 
the Fruſtum of the e generated by FGBQ in 
its Rotation about its Axis will be found to be 31 527. 


And the Reſiſtance of the Solid generated by FBQ 
in the ſame Rotation will be found 32989, which 
ſubtracted from 65603 the Reſiſtance of the whole 
Spheroid, leaves 32614, to which if we add 31527 
we ſhall have 64141, the Reſiſtance of the Solid ge- 
nerated by revolving the Figure DNFGBC about 
the ſame Axis CB: which is to the Reſiſtance of 
the Spheroid, as 64141 to 65603, or as 64 to 65 +, 
nearly. 


Let the given Curve DNFB, Fig. 17. be a Para- 
bola, put the Semiparameter a, and the Altitude 
CB as before: then, if the Angle FPO be an An- 

gle of 45 Degrees, FQ=QP=4, and BP=- QB=GH 
= + QF, whence the Reſiſtance of the Fruſtam 2 


2 * 


the Cone generated by the Rotation of FGBQ about 
its Axis, as repreſented by the Solid generated by 
the Rotation ot. BSMEOC about the tame Axis, may 


be expreſſed by c * hxyy x 4 (c ſanding for the 
Ratio of the Periphery of a Circle to its Diameter) 


e by 
c * 2 - 8 hyy = cx 8 baa, or g e 

Reſiſtance of a Cylinder whoſe Radius of the Baſe 

is SB, or the Semiparameter. 


And if we put CB 66, 9, CD33, as before, 
then y=a= FQ = 8, 3042; yy = aa =68,9608, and 
the Reſiſtance of the Fruſtum of the Cone generated 

by FGBU in its Rotation about its Axis will come 
out 9058: And the Reſiſtance of FBO in the ſame 
Rotation will be found 10044 : the Reſiſtance of the 
whole Paraboloid generated by .CDNFB was ſhewn 
before, to be 41169, from which if we deduct 10044, 
there will remain 31125, to which if we add 9058, 
we ſhall have 40183, the Reſiſtance of the Solid: ge- 
nerated by revolving the Figure CDNFGB, about 
2 3 xis CB, —— is - the Reſiſtance of the 

araboloid, as 40153 to 41169, or 40 to 41 nearly. 
And this Propoſition, Sir * Newton ſays, he rd 
poſes may be uſeful in Ship-Building: but, with 
this Remark, that 


If the Figure DNFG, Fig. 18. be a Curve of ſuch 

a Kind: it ſrom any Point N, a Perpendicular NM 
be let fall on the Axis CB, and from 'a given Point 
G be drawn a Right Line GR, parallel to a Right 
Line touching the Figure in N, and cutting the Axis 
produced in R: MN will be to GR, as GR cubed 
to 


(39) 


to 4BR x GB: the Solid generated by revolvi 
this Figure about its Axis CB will meet with lets 


Reſiſtance than any other Circular Solid of the ſame 
Baſe and Altitude: and here it naturally follows, | 


FKROT.. 
To Inveſtigate the Property of a Curve, 


which revolved about its Axis, gene- 


rates a Solid of the leaſt Reſiſtance. 


] 'T was obſerved in the foregoing Propoſition, 
that when the Altitude of the Fruſtum of a 
Cone of the leaft Reſiſtance becomes infinitely ſhort, 
the Side of the Cone will make an Angle with the 
Axis of 45 Degrees, and conſequently a Tangent 
applied in the Head of the leaſt Ordinate of the 

e ſought will cut the Axis produced in the 
ſame Angle. | 


Let CD, Fig. 19. be the Axis of the Curve, TE 
a Right Line Parallel to the Axis, and the Points K 
and D given ; draw the Ordinates KC, NM and FD 
infinitely near to each other, put the Ordinate NM 
=y, and KI d invariable, and let the Variable 
Quantities be CM, HF e, and the leaſt Ordi- 
nate DFA. 


Now, if the Force of the Fluid ſtriking directly 
on IK at the Diſtance IC or NM be called gy, then 


x-. di:: by. —2—, the Reſiſtance on the 


Surface generated by the infinitely little Part of the 
Curve KN in its Rotation about its Axis, Ad 


(40) 


And becauſe HN= HF; a2. ce: : 16. , 


2 


the Refiftance generated by NF, and the Refiſtance 
of DF will be = ; the Reſiſtance there fore of the 


contiguous Particles of the Solid generated by KNFD 
In its Rotation about its Axis may be repreſented by 


2 3 
2 ＋ — , Which is to be a Minimum, its 


24% ve ne ann 
LN 2 


Fluxion therefore is =O, 


but CD is a conſtant Quantity, therefore as; 
and CD — * NM — — , therefore 1828 whence 
„ 8 —5 14A x64-nx 


, and then the 
- 2 2 | 
. . : | 28 9xx 
Fluxion of the Refiſtance will be — = + 
xe-+1x 3 24 en 
8 2 O, and dividing by „ Ir > 


Or =! A Den, and becauſe e is infinitely ſmall 


, 


; & 3 
in reſpect of , . Dun, 4d'yx d Tx ., or 


ad x. q & . y, but x is the Fluxion of the 
Axis, and 4 the Fluxion of the Ordinate: therefore 
it GB=a, and BR=z, be the Legs of a Triangle 
ſimilar to the Fluxionary Triangle IKN, it will be 
4a . a Þ2a 3 +2* :: 1. , and y equal to 


- 24422 + 23*  # 3 n : 
L * whereby it is plain that Sir 


Iſaac Newton's Property of this Curve makes the 
leaſt Ordinate a the Parameter, and then it will 
be, MN to GR as GR cubed, to 4BRxGB ſquared. 


And tho* a Curve deſcribed by this Property will 
approach nearer to the Axis, than the Point where a 

angent makes an Angle with the Axis of 45 De- 
grees, and recedes from it again, becoming then con- 
vex towards the Axis, yet aſter it has paſſed that 
Point it will not generate a Solid of the leaſt Reſiſt- 
ance ; becauſe it has loſt one of its chief Properties. 


Beſides, if DNGB, Fig. 20. were the Curve, then 
DNEB was ſhewn to reſiſt leſs than DNGB, and the 
Fruſtum of the Cone generated by NFB in its Rota- 
tion about its Axis MB, would reſiſt leſs than the 
Fruſtum generated by revolving NH B about the 
ſame Axis in which MC=CB and CS=CN, which 
is abſurd : becauſe, this was thewn to reſiſt the leaft 
of all Fruſtums of the ſame Baſe and Altitude. 


If we put x for an Abſciſſa of the Curve, its Flux- 


10n =x, y an Ordinate, its Fluxion , GHD, and 
BR, as before, then in the ſimilar 'T riangles IKN 
and BGR, it will * IK: : BR. IN, or 

| 2 


( 42 ) 


0 4 — 2442,% "I 


89 * x — 29 n» 
a o SW oy — — — — 
* 7 4 but 4442 


2 


＋ 24 - the Fluxion of which is y = 
42. = + 2 — 


the n Quantity of which is x = * + - 
4% 1660 42 


8 Log. z, but when x= then z a, which 
4 
42 


being ſubſtituted for z, we ſhall have 3— 8 rs oh 
164 48 


2 Log. 4 = 204 00 Log. a, which being 
4 16 4 


ſubtracted from = . — + * Log. 2, leaves 
164 * 4 
4 
12 4 2 oy 7 ak 7 x Log. „, the Abſciſſa 
required, | 


And putting GBA , it will be 4 I+2* 5 
1+-* , y the Ordinate: and 16. 32 bas 2 . 4th, 


from which fourth Term ſubtra&ing 2 6 ＋ Log. z 


leaves 


( 43 ) 


leaves the Abſciſſa proper to the Ordinate found as 


above. 


PROF. 


To Inveſtigate the Reſiſtance of a Solid 
of the leaſt Refiftance turned about its 


Act,. 


ET QENGg, Fig. 21. be the generating Fi- 
gure, draw KF parallel to the Axis QB, meet- 
ing with the Curve in N, draw NM perpendicular 
to the Axis, and NI perpendicular to the Curve, 
and the Force with which a Particle of the Fluid 
ſtriking directly on the Perpendicular Head of the 
Cylinder in the Point F, is to the Force with which 
it would ftrike obliquely on the given Solid in the 
Point N, as NI to NMꝗ, or becauie GR is paral- 
lel to a Tangent applied in the Point N; as GRę 
to GBg, and putting BR—z, GB=4, and conſequent- 


ly GR=z2+aal+, and taking any determinate Quan- 
tity as the Altitude QB, as before, it will be GRg 


G34 :: QB. HF, or zz T. aa :: * 2 


Sa 


and if this be done in every Point of the given 
Curve, the Point H will deſcribe the Curve OH, 
and the Reſiſtance of the given Solid will be to the 
Re ſiſtance of the circumſcribed Cylinder, as the Con- 
tent of the Solid generated by revolving the Figure 
QOHDLB about the Axis QB, is to the Content of 
the Circumſcribed Cylinder, | 


F 2 Put 


_- 


( 44 ) 


Put as before HF= — „ then KH=b — 
2&+-aa . 


2 2 — 1 the Flaxion of which is 


naabz% C 
. and put the Baſe — . but by 


4 4 
Property of the Curve y= 2 I , whence 


[| 


W: C + * 0 Cad 
yy = 3 Z"TF249zz +" which multiplied 
. * Ig 
aaa x C 2aahsz ZZ 44 


into ves — X X — or 
221-44 * 8 27 zz +ad' 164 ⁊⁊ 
ſe 2 . g * . * g 
becau — 2 b is conſtant, it may be omitted, and 


- 2 * 


n 
then it will be aa x ZI 28 = = © -—multiplied by 
I0a*zz aas 


aa 
— * 22 7 4 * the Fluxion 


2*Þ 20822 2 = 8 
© 


of the Solid ; the flowing Quantity of which is = - 


2 aa 
＋ © + 75 x Log.tofwhich if we add the Cylin- 


der 


WE 
der generated by the Parallelogram ADBL, in the ſame 


Los? 
Rotation, which 1 in this Caſe is 1 x _48 or 


—— 2 r 


_ 164 2 = 166 
1 F 2 
+ ot ; we ſhall have — £4 

4 2 Wy 

4 165 + 57 Log. _ but when gra, it will 


Ya 
«Mn £4 84£ 2 
be +7 * 6 © is 

which ſhould be 4*, but is deficient 2 4*, therefore 


25 rat . at . 4 0g. 2; 
3 = 7» i 8 oo. 


true Fluent, which multiplied into — x h, gives 
the Reſiſtance enquired after. 

And putting +=66 ,9 and Hz., then = 12, and 
the Reſiſtance of this Solid will be 37265, the Soli- 


dity of the circumſcribed Cylinder being put for its 
Refiftance. 


PROP. 


(45) 
PROP. XI. 


To Cube the Solid of the leaſt Reſiſtance. 


UT the Radius of the Baſe NM, Fig. 22. 

its Diameter 25, and let c be a ſtanding Ex- 
reſſion, ſhewing the Proportion of the Area of a 
Fircle to its circumſcribed Square : the Area of the 
Baſe will then be cx4yy, but becauſe c is a ſtanding 
Quantity we may omit it, and call the Baſe 4yy, then 
if the Altitude MB of the Solid be x ; its Fluxion 


à multiplicd into the Baſe will give 45 the Flux- 
10n of the Solid. = 


But by the Property of the Curve, putting BRD, 


7 = £ —.— 4 „whence 4yy will be equal to 
— 4 eee : and x equal to 


2 205% — 4's 8 
3¹ 25 5 , whence 4yzx will become 


0 . . . . 12. 
32 2 T1442 *2+254*%2*2 TLzc = e C /A 22 4 


162 2 Rs 


the Fluxion of the Solid; by Reduction equal to 


WES: 


Sand the Fluent of which is —. = 2 + 


162 1604” 644 

2528 1 52* Fa 4 2 4 

= + TE > 4 

96a 16a 32 g s - Jag*? 

Now, when ra, the whole, which ſhould vaniſh, 

3 

wil be ELN Mg Me 

160 64 7 96 ＋ 16 1s 32 + 32 r 


32 , 70 4 . J 308, 158 3% 32. 
=» 7 96 F 96 ky 96 * gs 160 


ed from the flowing Quantity found as above, there 


will remain * + 72 ＋ 25 * 2. y 2 


1606 64. 96 16a 32 
5 3 3 | 
= * 565 * 8 x Log. 2 , the true Flu- 


ent, which multiplied into e will give the Content 
of the Solid. 


And putting 566, 9 and y=33z as before, then 
2Z=12, and the Content of this Solid will be 106360, 
by which the Reſiſtance 37265 being divided, we 
ſhall have „3 50376. 


— 


PROP. 


n 


PROP. XII. 


The Altitude and Baſe of a Cone being . 


given, to deſcribe a Trapezium, whoſe 


Altitude and Solidity generated by its 
Rotation about its Axis, ſhall remain 
the ſame as in the Cone, and its Re- 


ftance be the leaſt of all Solids of the 
ſame Altitude and Solidity, generated 
by any Trapezium whatever in its Ro- 


tation about the ſame Axis. 


E T the right angled Triangle ABC, Fig. 23. 
repreſent the given Cone, and ABFD the Tra- 
_m put the Axis AB=b, AC=p, AD=y, and 


If the Solidity of the Cone generated by revolvin 
the Triangle CAB about the Axis AB be calle 
455 The Content of the Solid generated by re- 
volving the Figure ABFD about the ſame Axis will 


be 3yb—99x 5 „ and if this be equal to the So- 
lidity of th 1 I 
y of the Cone, then 3 =yyb—yyx 4- E and 


ppb 


+4 


ain 


5 


* 


* & *, ” | 4 7 9 a 
5 ppb=311b—339% yr, or 2 =x; and 


| 4 a 
cy ::b6. 25 = GB, and then jt will 
ſtand for the Content of the Cylinder generated by the 
Parallelogram GBLK in its Rotation about its Axis, 
or the Reſiſtance of the given Cone ; and in the ſame 


15 = 
Manner xxͤ& y. :: 5 A = BH, or hs. ; 


Reſiſtance of the Solid enquired after will be repre- 
ſented by the Solidity of the Cylinder generated b 
the Rotation of HBMI about the ſame Axis, whic 


in thi ill be = * 

In this Caſe will be *x Þ 5p , but y — 7 — 2 - > 
p*b* . p'b* 2 

3 ,  gbb—12bx+4xx and a N =xx7 

þ'b _ 3bxx—2%*-þ+*b 1 

ea , * therefore = ” WII 


be equal to the Quotient of =, divided by 


D 


3bxx—2x* +p*b 4 
3bxx—2x*+bp*x3b—2x 


3b —2x *? 


equal to 


2M pl 
D I 4 3p*6*+4x*—2p bx 


the Fluxion 


of which, if a Minimum, will be — 186'p*ax + 


35 


' 


——  ____ 


<a 


| * N + * 


* 


| — 
v# 


\< a” — 
? 


„ 


e it will be —95 +180 —$x +p*b=0, or 
ee ene. and-dividing by 8, ** — 


ee will give the Vatoe of ng," 1 75 


© And if e AB=b=66; 2 and AC= n. 

— before, ety =x=46,1, 1 EF=y=26,17, an 
 HB=16 308: So that the Reſiſtance of the Cone being 
46444, as was ſhewn' before; the Reſiſtance of the 
Solid ed by revolying this * Trapezium ABFD 

t the Axis AB will be 35101 nearly. And this 
5 re as a general Hine, that the Reſiſtances of 
d much upon their greateſt tranſyerſe 
— and it is probable from this, ſome uſeful 
1 may be made. 


* 


e Ko, and dniding #7 g 


